Abstract-A two-port coaxial probe is introduced to nondestructively determine the permittivity tensor of a uniaxial material. The proposed approach possesses several advantages over existing techniques, e.g., only a single sample is required, the sample does not need to be rotated, and only a single measurement system is needed. The derivation of the theoretical scattering parameters is shown. This is accomplished by applying Love's equivalence theorem and the continuity of transverse magnetic fields to formulate a system of coupled integral equations. A necessary step in this approach is the derivation of the magnetic-current-excited uniaxial parallel-plate Green's function. The development of this Green's function is presented here using a new scalar potential formulation, which significantly reduces the difficulty of the probe's theoretical development. The system of coupled integral equations is solved using the method of moments to yield the theoretical scattering parameters. The permittivity tensor is found by minimizing the two-norm of the vector difference between the theoretical and measured scattering parameters via nonlinear least squares. To validate the probe, measurement results of a uniaxial absorber are presented and compared to those obtained using a focused-beam (free-space) measurement system. The probe's sensitivity to uncertainties in measured scattering parameters, sample thickness, and coaxial line properties is also investigated.
I. INTRODUCTION

M
ICROWAVE probes have been extensively researched over the past 50 years due to their applicability in nondestructive inspection/evaluation (NDI/NDE). A cursory review of the literature yields numerous rectangular/circular waveguide [1] - [13] and coaxial waveguide [14] - [22] probe NDI techniques.
While much of the published waveguide probe research deals with one-port (single-probe) geometries [1] - [6] , [13] - [20] , [23] - [30] , recently, several two-port measurement systems have been proposed [7] - [12] , [21] , [22] . Unlike their more common one-port counterparts, two-port probes possess the significant advantage that they can collect reflection and transmission coefficient measurements simultaneously. From these two independent scattering parameter ( -parameter) measurements, two material under test (MUT) parameters can be unambiguously determined at each measured frequency, e.g., the relative permittivity and permeability of an isotropic MUT or, applicable to this work, the tensor elements of a dielectric uniaxial material . Critically, and in contrast to the numerous one-port probe techniques, which have been developed to provide two or more independent measurements [23] - [30] , this can be achieved with a single MUT specimen, measured at a single orientation (i.e., do not need to rotate the sample), and with a single measurement apparatus.
In this paper, a new two-port probe technique is presented to nondestructively determine of a uniaxial material. A diagram of the two-port probe is shown in Fig. 1 . The figure depicts two coaxial transmission lines (inner conductor radius , outer conductor radius , and filled with isotropic material and ) attached to infinite perfect electric conductor (PEC) flange plates sandwiching an unknown uniaxial MUT of thickness with permittivity and permeability tensors (1) Note that the two-port coaxial probe depicted in Fig. 1 was first introduced by Baker-Jarvis and Janezic [21] for characterizing isotropic materials. To the authors' knowledge, no two-port probe device has been developed to characterize anisotropic materials. Only a single reference is known in which a one-port probe was used to characterize an anisotropic material. Chang et al. [27] used a rectangular waveguide probe to characterize a free-space-backed biaxial material. The authors rotated the sample to obtain the requisite number of independent measurements.
In Section II, the two-port clamped coaxial probe (CCP) depicted in Fig. 1 is analytically developed. This entails deriving expressions for the theoretical reflection and transmission coefficients. These relations are derived by applying U.S. Government work not protected by U.S. copyright. Love's equivalence theorem [31] to replace the coaxial line apertures with equivalent magnetic currents. The magnetic field in the parallel-plate region of the structure can be determined by convolving these currents with the magnetic-current-excited uniaxial parallel-plate Green's function. Traditionally, this Green's function has been derived using a field-based approach [27] , [32] , [33] . In this paper, a new scalar potential formulation [34] , [35] is used to derive this Green's function. The scalar potential formulation significantly reduces the difficulty of the Green's function and subsequent parallel-plate magnetic field derivations.
Enforcing the continuity of transverse magnetic fields at the coaxial line apertures ( and in Fig. 1 ) produces a system of coupled magnetic field integral equations (MFIEs), which when solved using the method of moments (MoM) [36] , [37] , yields the desired theoretical -parameters. With and , the permittivity tensor elements of the MUT can be determined by minimizing the -norm difference between the theoretical and measured coefficients using nonlinear least squares.
Experimental validation of the proposed approach is presented in Section III, where tensor permittivity results of a carbon-loaded honeycomb absorber are presented comparing the new CCP technique to results obtained using a traditional focused-beam (free-space) measurement system. Error analysis is performed to quantify the new technique's sensitivity to uncertainties in measured -parameters, MUT thickness, and coaxial line properties.
II. THEORY
In this section, the CCP depicted in Fig. 1 is theoretically analyzed. The derivation of the magnetic-current-excited uniaxial parallel-plate Green's function is presented first, followed by the development of the theoretical -parameters. It should be noted that while the objective of this paper is to present a nondestructive technique for characterizing dielectric uniaxial materials, the analysis presented here proceeds as if both the permittivity and permeability of the MUT were tensors. This is done for generality. To characterize a dielectric and magnetic uniaxial material, a minimum of four independent measurements are required. Thus, the measurement technique presented here (capable of two independent measurements) would need to be augmented with one of the one-port probe multiple measurement methods cited in Section I. 
A. Scalar Potential Development of the Uniaxial Parallel-Plate Green's Function
In this section, vector Green's functions for a magnetic-current-excited uniaxial parallel-plate environment are derived. The geometry for this derivation is shown in Fig. 2 . The figure depicts a parallel-plate waveguide uniformly filled with a homogenous uniaxial medium. The structure is excited by a general magnetic current located inside the structure. To find the Green's functions for such a geometry, the solutions to the following forced and unforced scalar wave equations, subject to the boundary conditions at the PEC interfaces, must be found: (2) where , , , and is the angular frequency. Note that these scalar wave equations were derived in [34] .
Physically, the solutions to the forced scalar wave equations above, denoted by superscript " ," represent the principle waves emanating from the magnetic source in unbounded space. The solutions to the unforced scalar wave equations, denoted by superscript " ," represent the waves scattered from the boundaries at and in the absence of the source. Thus, via superposition, and . The field-based ( and ) and current-based ( and ) scalar potentials are related to the electric field, magnetic field, and magnetic current by [34] ( 3) where (4) The analysis in [34] showed that and (as well as and ) are associated with and fields, respectively. Due to the symmetry of the incident field and the CCP (see Fig. 1 ), only -invariant modes are excited in the coaxial lines and the parallel-plate/MUT region of the structure [15] , [16] , [21] . Thus, the remainder of this section focuses on the derivation of the vector Green's function for ; the vector Green's function for is ultimately not needed. The vector Green's functions for and (the development) can be found in an analogous manner.
The geometry depicted in Fig. 2 is invariant along the -and -directions, thus prompting transformation of those variables using the 2-D Fourier transform, (5) where . Fourier transforming the wave equations in (2) produces (6) where . The solution to the forced spectral-domain wave equation was found in [34] (7) The solution to the unforced spectral-domain wave equation is readily found to be (8) where are the unknown positive -and negative -directed complex wave amplitudes, respectively. The general solution is . To find the unknown complex wave amplitudes and obtain the solution for , the boundary conditions of the problem must be enforced. The applicable field boundary conditions are at and . In terms of the spectral-domain scalar potential , these boundary conditions are at and . Applying the boundary conditions and simplifying yields the desired spectral-domain vector Green's function for ,
The spectral-domain vector Green's function given above can be transformed to the spatial domain using the inverse Fourier transform relation given in (5) . This analysis is not performed here because it is computationally advantageous to use the provided spectral-domain Green's function. This is discussed further in Section II-B.
Before progressing to the derivation of the theoretical -parameters, it is worth noting that by using the scalar potential approach, the Green's function relevant to the problem at hand (in particular, the magnetic-current-excited uniaxial parallel-plate Green's function) was directly derived. As is shown in Section II-B, this leads to a very simple derivation for the transverse magnetic field in the parallel-plate/MUT region of Fig. 1 . Directly deriving the dyadic Green's function using the traditional field-based approach would be very challenging. This is because, traditionally, the field-based dyadic Green's function contains both the and contributions in a single analytical form. Of course, an equivalent expression for to that shown below would result from using the field-based dyadic Green's function; however, the analysis required to arrive at that expression would be quite cumbersome. The significant reduction in the required mathematical analysis demonstrates the power of the scalar potential approach employed here.
B. Derivation of Theoretical -Parameters
The first step in deriving the theoretical -parameters is to find expressions for the transverse fields in the coax and parallelplate/MUT regions of Fig. 1 . In the port 1 coax region (i.e., ), the incident field is assumed to be a mode. Due to the symmetry of the incident mode and the measurement apparatus, only -invariant higher order modes (i.e., modes) are excited at the coaxial line apertures [15] , [16] , [21] . Thus, the transverse fields in the coax regions are (10) where and are the unknown modal reflection and transmission coefficients, respectively, ,
Here, and are first-and second-kind Bessel functions of order , respectively. The last remaining undefined symbol is the -directed wavenumber . It is found by solving the eigenvalue equation (12) numerically. Note that the mode is equivalent to the mode; thus, , , , , and .
The transverse magnetic field in the parallel-plate/MUT region is found by applying Love's equivalence theorem [31] to replace the coaxial line aperture fields with equivalent magnetic currents, and . These currents maintain the fields in the equivalent environment, i.e., a parallel-plate waveguide filled with a uniaxial material. The transverse magnetic field in terms of the scalar potentials discussed above is [34] ( 13) where the potential and potential are
Here, , , and and are the magnetic-current-excited vector Green's functions for and derived in Section II-A, respectively. Since only modes exist in the coaxial lines, only -invariant fields are excited in the parallel-plate/MUT region of the measurement structure. Thus, and simplifies to
The magnetic-current-excited dyadic Green's function for -invariant can be found with relative ease by substituting (14) into (15) , resulting in (16) As one would physically expect, this relation states that in a parallel-plate waveguide, a transverse rotational magnetic current maintains a transverse rotational magnetic field. Being able to easily identify and derive electric and magnetic field and dyadic Green's functions in the manner just described is a very powerful trait of the scalar potential formulation utilized here.
Enforcing the continuity of the transverse magnetic fields at the coaxial line apertures produces a system of coupled MFIEs, (17) The unknowns in (17) are , , , and . The coupled MFIEs are solved using the MoM [36] , [37] . The unknown equivalent magnetic currents are expanded using the transverse electric field distributions given in (10), namely, (18) where . After substitution of (18) into (17) and subsequent simplification, the resulting MFIEs are tested using the transverse magnetic field distributions given in (10) . The end result is a block 2 2 matrix equation, (19) where , , , and are matrices, , , and is a vector, which contains the incident field excitation. The matrices and are the "self" matrices of the block 2 2 MoM matrix. They predict the scattered fields at apertures 1 and 2 due to sources located at apertures 1 and 2, respectively. Due to the symmetry of the measurement geometry, . The matrices and are the "coupling" matrices of the MoM matrix. They predict the scattered fields at apertures 1 and 2 due to sources located at apertures 2 and 1, respectively. Since and are symmetric tensors, reciprocity holds [32] , and thus, . The elements of , , , and are most easily computed by utilizing the spectral form of given in (9) . Upon substituting (9) into (14) and ultimately into (17) , one notes that all expansion and testing integrals can be computed in closed form-as in the isotropic case, they are Hankel transforms of given in (11) [15] , [16] , [21] . The lone remaining spectral integral over is computed numerically.
III. EXPERIMENT
A. Experimental Setup
For the experimental validation, measurements were made of a mm thick, 10.16 cm 10.16 cm sample of Cuming Microwave Corporation's C-RAM HC. C-RAM HC is a carbon-loaded honeycomb radar absorber, which behaves as a lossy dielectric uniaxial material due to its hexagonal structure. C-RAM HC was measured from 8.2 to 12.4 GHz using an Agilent E8362B PNA.
A photograph of the CCP is shown in Fig. 3 . The CCP consisted of two SGMC Microwave Teflon-filled ( and ) 7-mm connector hole flange receptacles connected via screws to locally machined aluminum flange plates 15.24 cm in diameter and mm thick. To ensure good alignment between the port 1 and port 2 coaxial line apertures, 3.18-mm alignment holes were machined on the periphery of the flange plates. Precision indexing pins were then inserted into the alignment holes when measurements were being made. In addition to this, locking pliers were used to ensure good contact between the flange plates and the MUT to minimize the possibility of air gaps.
The presence of air gaps between the MUT and the flange plates is a major source of potential error for the CCP. BakerJarvis et al. [15] quantified this error for a single coaxial probe measuring an isotropic MUT. To quantify this error for the CCP would require the derivation of the three-layer parallel-plate Green's function (see Section II-A), which is a demanding analytical undertaking. Due to the significant complexity involved, this analysis is not performed here and is left to future work. Before material measurements were made, the CCP apparatus was calibrated using a thru-reflect-line (TRL) calibration [38] . A custom-made 5.08-mm-thick coaxial shim and shorting plate served as the line and reflect standards, respectively. These coaxial probe standards are shown in Fig. 3(a) and (b) .
The and of C-RAM HC [also shown in Fig. 3(a) ] were determined by minimizing the -norm difference between the theoretical and measured -parameters using the trust-regionreflective method [39] subject to the constraints for natural passive materials, i.e., (20) where . The theoretical -parameters were found by solving (19) using modes. Note that and because of symmetry and reciprocity, respectively.
Uncertainty analysis was conducted to quantify the CCP's sensitivity to common measurement errors. The errors in and , considering uncertainties in measured -parameters, MUT thickness, and coaxial line properties, were computed using (21) with similar expressions for , , and [40] . Note that the and calculated in this manner are worst case estimates [40] .
The measured -parameter uncertainties, and , were obtained from the Agilent E8362B PNA Technical Specifications Manual. The -parameter errors due to imperfect TRL calibration standards were included in the uncertainties obtained from the Agilent manual. The uncertainty in sample thickness was set equal to the digital caliper uncertainty of 0.050 mm. The coaxial line inner and outer radii uncertainties ( and , respectively), given by the manufacturer, were 0.064 mm. Lastly, the uncertainty in the relative permittivity of the Teflon filling was assumed to be 0.1. Due to the fact that carbon-loaded absorbers are generally inhomogeneous [41] - [44] , measurements were collected of the sample in five positions/orientations. The uncertainty analysis detailed in the previous paragraph was conducted on and obtained using all five measurements, i.e., a total of 20 measured -parameters were used in (20) . Also, to provide some measure of how the specimen varied with respect to position, the mean and standard deviation of and were computed over the five orientation measurements. These results, along with the uncertainty analysis results, are presented below.
To validate the new technique, the CCP C-RAM HC results were compared to those obtained using a traditional focused-beam (free-space) measurement system [45] - [48] . The free-space and of C-RAM HC were obtained by minimizing the -norm difference between the theoretical and measured gathered at two different incident angles ( and ), i.e.,
where takes the form [48] (23) Here, , , , cm is the thickness of the C-RAM HC specimen, and the subscript signifies parallel polarization. Since producing two orthogonally "cut" C-RAM HC samples was impractical, the free-space measurements were made using parallel polarization and angle diversity, otherwise would not have been implicated. The complex exponential term multiplied by the Nicolson-Ross-Weir [49] , [50] expression accounts for the additional path traversed by the wave when the MUT is measured at oblique angles. As is common with free-space measurements, a simple response (i.e., response only) calibration and time-domain gating were performed on the raw PNA to form [45] . With the exception of the parameter, the agreement between the CCP and free-space measurement results is quite good. Several points must be considered when assessing these results. First, no "truth" data is available from the manufacturer for this material. Second, because of sample size requirements and availability, a different thicker (1.02 cm) C-RAM HC specimen was used to obtain the free-space reference results. This likely accounts for the discrepancy in the results and the minor disagreements in the , , and parameters due to the well-documented inhomogeneity and inconsistency of carbon-loaded absorbers [41] - [44] . Last, the large and errors reported in the CCP (21) results are due to the and uncertainties. For the results presented here,
B. C-RAM HC Results
. Low-magnitude transmission measurements have large measurement uncertainties. This explains the wide CCP (21) bars in Fig. 4(a) and (b) .
Difficulty in obtaining accurate characterization results with coaxial probes for low-permittivity materials has been widely noted [15] - [18] , [21] , [51] , [52] . This difficulty occurs because of weak field coupling into the parallel-plate/MUT region of the probe resulting in . The reflection coefficient does not appreciably change until the electrical size of the coaxial line becomes large. When measurement errors are considered, this large unchanging results in many different low-permittivity materials being experimentally indistinguishable. BakerJarvis et al. [15] , Baker-Jarvis and Janezic [21] , De Langhe et al. [17] , [18] , and Olmi et al. [52] propose that to ensure sufficient field coupling into the MUT, the coaxial probe should satisfy (24) where is the wavelength in the MUT and is a constant that varies from 1 to 2.5 depending on the reference.
Of course, the actual amount of field coupling into the parallel-plate/MUT region is a complicated function of the MUT ( , , and ) and coaxial line ( , , and characteristic impedance) properties. From experimental experience, one can generally expect good results from the CCP if . This criterion is easy to test in the laboratory and does not require prior knowledge of the MUT like (24) . Note that accurate CCP results may still be obtained even if . The above criterion is included to provide an easy test, which gives the laboratory technician a qualitative idea of what to expect from the CCP.
IV. CONCLUSIONS
In this paper, a two-port CCP was introduced to nondestructively determine the permittivity tensor of a dielectric uniaxial material. In contrast to previously published techniques, this new approach required only a single specimen, measured at a single orientation, with a single measurement apparatus.
The CCP was analytically developed in Section II. This entailed derivation of the theoretical -parameters, which when numerically inverted, yielded estimates for the unknown permittivity tensor elements. A requisite step in this derivation was the development of the magnetic-current-excited uniaxial parallel-plate Green's function. A new scalar potential formulation was used to derive this Green's function. This scalar potential formulation significantly reduced the difficulty of the Green's function derivation.
Lastly, measurement results of a uniaxial carbon-loaded honeycomb absorber were presented in Section III to validate the CCP. Relative permittivity results obtained using the probe were compared and contrasted to those obtained using a traditional focused-beam (free-space) measurement system. Overall, the agreement between the two sets of results was quite good with the exception being the parameter. Reasons for the discrepancy in the and the minor disagreements in , , and results were discussed. Recent advancements in manufacturing technology have made the development of anisotropic media with designer properties a reality. The CCP presented here is a good alternative to experimentally validate these new materials when sample availability or size make traditional destructive techniques less viable.
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